We evaluate the reflectivity of neutron mirrors composed of certain heavy nuclei which possess strong neutron-nucleus resonances in the eV energy range. We show that the reflectivity of such a mirror for some nuclei can in principle be high enough near energies corresponding to compound neutron-nucleus resonances to be of interest for certain scientific applications in non-destructive evaluation of subsurface material composition and in the theory of neutron optics beyond the kinematic limit.
I. INTRODUCTION
Neutron optics based on mirror reflection [1, 2] from the neutron optical potential of matter, which is composed from the spatial average of the individual neutronnucleus scattering amplitudes from the nuclei in the medium, has been widely used in slow neutron instrumentation now for decades. The ability to conduct measurements using slow neutrons far from the radiation backgrounds and noisy environment near the neutron source without 1/r 2 intensity falloff revolutionized the field and greatly expanded its range of scientific applications [3, 4] . Early slow neutron mirrors were made from nuclei with relatively large neutron optical potentials. 58 Ni was (and still is in many cases) a common choice.
Supermirror neutron guides [5] [6] [7] also employ the neutron optical potential to reflect neutrons. Neutron supermirrors are engineered to realize a reflectivity whose critical angle for near-total external reflection is larger than that from the neutron optical potential of a uniform medium. This is done using multilayer coatings of materials with a large contrast in the neutron scattering length density. Incident neutrons diffract from the onedimensional crystal created by these stacked multilayers, and the constructive interference from this diffraction scattering produces a peak in the neutron reflectivity for specific values of the transverse momentum which match the diffraction condition [8, 9] . If one deposits a set of layers with a continuous distribution of bilayer separations which cover the transverse momentum phase space in a neutron beam, one can transport all of the neutrons of interest. In a typical beam from a cold neutron source, one can use supermirrors to efficiently transport a much larger fraction of the beam phase space from the source over distances as long as 100 meters or more compared to a mirror made of a single material. Supermirror guides * Corresponding author: wsnow@indiana.edu are typically characterized by a dimensionless number m which is the ratio of the critical angle for near-total reflection from the guide to the same critical angle for a neutron mirror composed of natural nickel. In these units 58 Ni corresponds to m = 1.2. Supermirror guides with m = 7 are now commercially available.
eV neutron beams are used in some measurements in neutron scattering [10, 11] and neutron imaging for condensed matter and materials studies [12] . The most heavily used neutron scattering application for eV neutrons are measurements of the longitudinal momentum distribution of hydrogen, deuterium, and other light atoms in materials [13] and vibrational spectroscopy [14] . Neutron resonance imaging [15] to get nondestructive quantitative information on the local environment of specific isotopes embedded in materials from the shapes of the Doppler broadening of the resonance linewidths also of course operates in the eV neutron energy regime where resonances are abundant. With the development of a growing number of intense neutron sources in the eV energy range based on proton spallation [16] , where the incompletelymoderated 1/E high energy tail of the neutron energy spectrum from a hydrogenous moderator is much richer in eV neutrons than is the high energy tail of the spectrum from a research reactor, it is well worth considering the possibility of developing other scientific applications of eV neutrons.
Both normal neutron mirrors and neutron supermirrors typically employ the real part of the (in general complex) neutron optical potential of the medium. This is because, in the meV energy range emitted by slow neutron sources, the neutron-nucleus scattering amplitude has a real part that is typically much larger than the imaginary part. This follows in turn from probability conservation as embodied in the optical theorem of nonrelativistic scattering theory, Im[f (θ = 0)] = kσ 4π
where k is the neutron wave vector, σ is the total cross section, and f (θ = 0) is the forward scattering amplitude. The slow neutron energy regime corresponds to kR ≈ 10 −4 where R is the potential scattering range from the neutron-nucleus interaction, which implies that the scattering is dominated by the s-wave component of arXiv:1810.11590v1 [physics.ins-det] 27 Oct 2018 the partial wave expansion of the scattering amplitude. For this case, f (θ = 0) = f is of order R in magnitude and σ = 4π|f | 2 , so the optical theorem implies
This argument breaks down however for inelastic scattering and for resonance scattering. For the case of resonance scattering of most interest in this work, f can be much larger than R. The simplest case of elastic scattering with resonances will serve to make the point clear. One can decompose the partial wave expansion in nonrelativistic scattering theory into terms associated with ingoing and outgoing spherical waves [17] 
where f l (k) is the partial wave scattering amplitude in orbital angular momentum channel l and P l (cos θ) is the l th Legendre polynomial. As elastic scattering merely redirects the incident wave packet, the optical theorem demands that |1 + 2ikf l (k)| = 1. This condition can be written in terms of the elastic scattering phase shift δ l as 1 + 2ikf l (k) = exp 2iδ l , which implies
In resonance scattering near the resonance energy E r the phase shift increases rapidly from 0 to π. On resonance δ l = π/2 and cot δ l = 0 so f l = i/k is purely imaginary and also takes the maximum possible value consistent with unitarity. In particular f l need not be of order R. Expanding cot δ l near the resonance energy as a power series in E − E r and keeping only the linear term, cot δ l (E) = 0 + (Γ/2)(E − E r ) gives the well-known Breit-Wigner form
f l then both possesses a large imaginary component and also can be large compared to R as long as (E−E r ) ≈ Γ.
Neutrons can coherently reflect from the imaginary part of the optical potential of the medium as well as from the real part. In this paper we evaluate the neutron reflectivity in the eV energy range of mirrors composed of heavy nuclei. The idea is to take advantage of the large imaginary component of the scattering amplitude present at and near neutron-nucleus resonance energies to enhance the reflectivity of neutrons. The large imaginary component of the scattering amplitude is only present for neutrons with energies within the width Γ of the resonance energy, and since both Γ/E r 1 and Γ ∆E where ∆E is the typical separation between neighboring resonances for the great majority of low-lying n-A resonances, no single nucleus can be used to reflect a broad range of neutron energies using this mechanism. As the neutron optical potential for coherent reflection is simply a weighted linear sum of the amplitudes from all of the scatterers in the medium, one can imagine making a mirror out of a "cocktail"of different nuclei. Although as we will see below this idea does not seem practical, we will see that the reflectivity is large enough for certain nuclei at the resonance energies to be of interest for certain applications. As long as the thickness of the mirror is great enough that one can neglect the transmission through the mirror for all of the relevant energies in the beam, one can apply the well-known formulae from the theory of neutron optics and use the very extensive set of measured data on n-A scattering resonances to calculate the reflectivity in an idealized limit. It is also important to take into account the fact that the neutron-nucleus resonances in the eV energy range typically posses a large inelastic component, usually dominated by (n, γ) reactions. Therefore the fraction of the coherently scattered neutrons on resonance is proportional to Γn Γtot where Γ n and Γ tot are the neutron and total widths of the resonance, respectively. Typically Γn Γtot 1, which further suppresses the reflection probability.
We were not able to find any previous considerations of this idea in the neutron optics literature, although they may well exist. In the case of ultracold neutrons with energies of hundreds of neV such calculations were actually done a very long time ago for the case of nuclei with large absorption cross sections near thershold [18] and it is well-known that ultracold neutrons bouncing from a mirror made of nuclei with a large neutron absorption cross section can possess a very large reflection probability. Frank and collaborators [19] analyzed the resonance component of the neutron optical potential of Gd for the interpretation of some ultracold neutron transmission experiments designed to investigate the 1/v neutron absorption law. By contrast our interest is in the eV neutron energy range. The effects of resonances in the theory of xray optics are by contrast well-developed in both theory and experiment [20, 21] .
The rest of this paper is organized as follows. In section 2 we review the relevant parts of the theory of neutron optics and of resonance scattering. We present and discuss the results of our calculations in section 3. In section 4 we discuss some possible applications of our results. We conclude in section 5.
II. NEUTRON OPTICS THEORY
In this section we give a brief review of the relevant results from the theory of neutron optics that are needed to understand the foundation for the formulae used in this work. We also describe the regime of applicability of this theory and call attention to circumstances where it may break down. For a more detailed treatment see Sears [22] .
Neutron optics is based on the existence of the "co-herent wave" which is the coordinate representation of the coherent state formed by the incident wave and the forward scattered wave in a scattering medium [23] . It is determined by the solution of a one-body Schrodinger equation
where ψ(r) is the coherent wave and v(r) is the optical potential of the medium. The coherent wave satisfies the Lippmann-Schwinger equation
where |k is the incident wave, g is the one-body Green's function for nonrelativistic motion of a neutron and v(r) is the optical potential. The optical potential is related to the one body t matrix by
and this combination forms the usual coupled system of equations of nonrelativistic scattering theory from a medium of a large number of scatterers. Given a form for the t matrix one can determine the optical potential and then solve the one-body Schrodinger equation for the coherent wave. One must make an approximation for the t matrix of the neutron in a medium of scatterers. The usual approximation is essentially the Born approximation in which v = t and
Finally one must approximate the one-body t matrix t l . Using the impulse approximation for scattering, one gets
Here, l denotes the elemental species, b l is the coherent scattering length for element l, r is a random spatial coordinate and R l defines the coordinate of each atom the neutron can scatter from. From Eq. 8 we then arrive at an expression for the optical potential
where N l is the number density of scatterers. In general the scattering amplitude, and therefore the optical potential, is complex to account for incoherent scattering, absorption, and resonance contributions to the scattering amplitude. We refer to this result as the form of the optical potential in the kinematic limit.
This relation between the neutron optical potential and the scattering amplitude is an approximation which neglects effects due to dispersion and multiple scattering in the medium. The approximation fails in two places: in Eqs. 7 and 8, due to effects from atomic binding and multiple scattering respectively. Since the neutron-nucleus interaction is much stronger and much shorter range than the binding forces of the atoms in matter, it is reasonable to neglect the effects of chemical binding during the neutron-nucleus collision. In addition, the short-range of the interaction means that the timescale of the collision is much shorter than the timescales associated with the motion of the atom in the potential well. For both of these reasons, the t operator is usually approximated by the t operator for a free atom. This is known as the impulse approximation in scattering theory. In this approximation, the neutron optical properties of a medium depend only on the coherent scattering length of the atoms and not at all on the details of the binding of the atoms.
Calculations of corrections to the impulse approximation for neutron scattering lengths have been performed [24] [25] [26] which are consistent with the optical theorem and reduce in appropriate limits to previous results in the limit of static scatterers [22, 27] . Intraparticle multiple scattering gives corrections of the same order of magnitude. In Eq. 7 the t matrix of the bound system of N scatterers is expressed as the sum of the (impulse approximation) one-body t matrix. But this is known in exact treatments of scattering theory to be an approximation [23] . The next order of approximation for the t matrix of the system is
where G is the Green's function. To calculate the full t operator of the system, which is what is required to obtain the optical potential in Eq. 4 one must take multiple scattering also into account. Then finally the optical potential, which is now a function of the neutron momentum, must be solved from Eq. 6. Nowak [24] performed this calculation to obtain the modified expression for the index of refraction
and two correction terms at second order: one from the binding potential
and the other from multiple scattering
. In these equations ρ is the number density of scatterers, k and q are the wave vectors of the incident and in-medium neutrons (very close to identical for cold neutrons), b l is the (spin dependent) scattering length operator of atom l, and the averaging is the usual trace over spins and internal states of the scattering system. These expressions make it clear that the second order approximation to the optical potential is a function of the dynamics and correlations of the scattering medium. The multiple scattering term v 2 m vanishes if the nuclei in the medium possess uncorrelated nuclear spin directions and uncorrelated relative motions, since multiple scattering from uncorrelated nuclei cannot contribute to coherent scattering.
The parameters which control the size of these corrections are kb, kR, and b/d where d is the separation between atoms in the medium [28, 29] . For slow neutrons all of these parameters are typically of order 10 −4 . To our knowledge these corrections to the expression for the optical potential have not yet been measured experimentally. On neutron-nucleus resonances however in the eV energy range kb kR can approach values of order unity. In particular at a resonance energy E r one gets kb = Γ n /Γ tot . This ratio approaches 1 if the inelastic contribution to the resonance is negligible compared to the elastic contribution. As will be seen below there are some neutron-nucleus resonances which come close to satisfying this condition. The inclusion of the effects beyond the kinematical theory of neutron optics in the calculation presented below is beyond the scope of this paper and does not modify any of the conclusions in this paper.
If we write out the real and imaginary parts of the optical potential U = V − iW
and use this complex optical potential to calculate the reflection probability |R 2 | of a neutron incident on a uniform medium, one gets the result [30, 31] 
where
and
is the fraction of the incident neutron kinetic energy associated with the momentum normal to the material boundary.
In our case we want to consider the situation in which the neutron-nucleus scattering possesses both a potential scattering term as usual and also a resonance scattering term. The resonance both absorbs neutrons and also adds a large imaginary component to the total n-A neutron scattering amplitude. In the presence of n-A resonances the expression for the resonant part b res of the total scattering amplitude b = b pot + b res becomes [32] 
where Γ n,j and Γ j are the neutron width and total width of the resonance at energy E j and k = µk/m is the wave vector in the n-A center of mass system of reduced mass µ, E is the associated energy in the COM frame, and g +,j = (I + 1)/(2I + 1) and g −,j = I/(2I + 1) are the statistical weight factors for a resonance at energy E j in the total angular momentum channel J = I ± 1/2. b res is purely imaginary on resonance, as can easily be seen explicitly by writing out the real and imaginary parts of b res
III. ANALYSIS AND RESULTS
Extensive data on n-A resonances exists. Table 1 in the Appendix lists the nuclei and the resonances which we considered as in principle available as possible eV neutron mirror materials. Figures 1 and 2 show the total resonance widths, resonance energies, and associated isotopes in our energy range of interest. The density of n-A resonances in this regime along with their overlapping total widths encouraged us to pursue the calculation. We consider here heavy stable nuclei with n-A resonances with energies below 10 eV. This data is taken from the National Nuclear Data Center (NNDC) [33] and the Japanese Evaluated Nuclear Data Library (JENDL) [34] . We use these measured resonance parameters and substitute them into Eq. 15. We neglected the attenuation of the evanescent wave of the reflecting neutrons in the medium, the Doppler broadening of the resonances due to the motion of the atoms at finite temperature, the roughness of the mirror surface [35] , and multiple scattering. Some of these effects can be very important for a quantitative analysis of the reflectivity in specific cases.
We show the results of our calculations in a series of plots in which we simply superpose all of the reflectivity results from mirrors made of the relevant pure substances. The reflectivity of any compound material would be the appropriate weighted sum according to equation 9 . We chose to use as variables the total neutron energy E and the incident neutron angle θ. We chose a typical value of θ = 1 mrad for all of the plots: at constant E the reflectivity is a sharply decreasing function of θ according to equation 15. In the regime of unit reflectivity shown in Figure 3 , all of the heavy nuclei fall below natural nickel and therefore there is no special advantage that we can see to use heavy nuclei in a eV neutron guide. The imaginary parts of the optical potential change the shape of the reflectivity curve away from the usual shape given by the Fresnel formula.
The 1/k factor in the resonance amplitude eventually reduces the reflectivity at high energy. Nevertheless as can be seen in Figure 4 certain nuclei possess a high enough reflectivity on resonance in the 1-10 eV energy range to be clearly visible for an incident angle of 1 mRad. This observation is in our judgement the most interesting result of our calculation.
We included the effects of the real part of the scattering amplitudes as well in the formula for completeness. In principle one must take care not to double count the resonance scattering contribution, since the slow neutron scattering amplitudes b measured that are reported in the literature from measurements using slow neutrons are in fact a sum of the potential scattering contribution and also the tails of all of the other resonances in the limit E → 0:
We estimated this effect but it is typically rather small and makes a negligible change in the reflectivity. We also estimated the effect of Doppler broadening of the resonances which would be present for a neutron mirror at room temperature [36] and the lowered reflectivity of the mirror due to thermal diffuse scattering from phonons [37] . These effects are small enough that they do not modify any of our conclusions.
Finally we plot the reflectivity for a few special nuclei ( 155 Gd, 157 Gd, 113 Cd, and 10 B) which have especially large absorption cross sections close to zero neutron energy from either a subthreshold resonance (in the case of 10 B) or from an especially low energy resonance (as in 155 Gd, 157 Gd, and 113 Cd). One can see that the reflectivity is reasonably large up to about 100 meV. This fact could conceivably be of interest for neutron beam transport in thermal and epithermal neutron beams in sections of the beamline close to the neutron source. Such a guide would both reflect some of the neutrons in the epithermal energy range and also efficiently absorb many of the neutrons incident on the guide above the critical angle. Figure 4 shows that there are a reasonably large number of heavy nuclei which possess resonances whose properties can produce a noticeably large neutron reflectivity on resonance. The relatively high neutron reflectivities for these cases opens the possibility for new applications in nondestructive subsurface analysis. One can exploit the relatively shallow penetration of the neutron wave amplitude into the medium upon mirror reflection to detect the presence of certain subsurface isotopes from the neutron energy dependence of the reflectivity from the flat surface of a material. As the reflected neutrons can be separated from the incident beam and this enhanced reflectivity is completely absent for all other nuclei, this method could possess a high signal to background ratio in a practical apparatus. One could also exploit the fact that the nuclear resonance will also emit a gamma cascade upon neutron capture to detect both this gamma cascade along with the delayed coincidence with the reflectivity peak at the resonance energy to further suppress environmental backgrounds. This latter mode of operation can easily be realized at a pulsed neutron source where the neutron energy is tightly correlated with neutron time of flight. Table 1 in the Appendix shows the product kb = Γ n /Γ tot for all of the resonances considered at the resonance peaks. Note that in some cases kb is close to unity. In light of our earlier discussion on the regime of validity of the kinematical theory of neutron optics, it is clear that the neutron reflectivity from these resonances would be a sensitive observable with which to investigate the full dynamical theory of neutron optics, a subject which has yet to be explored experimentally. A more quantitative expression for the reflectivity from the resonances would need to take these higher order multiple scattering effects into account and would require knowledge of the structure and dynamics of the specific material under consideration. For the convenience of future researchers who might want to pursue such an investigation we have listed in the Appendix the relevant properties of the resonances.
IV. POSSIBLE APPLICATIONS

V. CONCLUSION
We present a calculation of the reflectivity of neutron mirrors in the eV energy range which takes into account the large imaginary parts of neutron-nucleus resonance scattering amplitudes based on the kinematic theory of neutron optics and the known properties of neutronnucleus resonances. We find that the reflectivity is large enough to be visible for several nuclei on different resonances in the 0 to 10 eV neutron energy range. The relatively high neutron reflectivities for these cases opens the possibility for new applications in nondestructive subsurface analysis and for the investigation of multiple scattering effects in the theory of neutron optics. Reflectivity of 10 Laboratory in Gaithersburg, MD for the opportunity to present this work in preliminary form in a seminar. This work was completed during the ECT Workshop "Discrete Symmetries in Particle, Nuclear and Atomic Physics and implications for our Universe" held in Trento, Italy on Oct. 8-12, 2018. 
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